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EXPLICIT CONSTRUCTION OF HARMONIC TWO-SPHERES INTO THE 

COMPLEX GRASSMANNIAN 

MARIA JOAO FERREIRA AND BRUNO ASCENSO SIMOES 

Abstract. We present an explicit description of all harmonic maps of finite uniton number 
from a Riemann surface into a complex Grassmannian. Namely, starting from a constant map Q 
and a collection of meromorphic functions and their derivatives, we show how to algebraically 
construct all harmonic maps from the two-sphere into a given Grassmannian Gp(C"). In this 
setting the uniton number depends on Q and p and we obtain a sharp estimate for it. 



Introduction 



Harmonic spheres in complex Grassmannians have been extensively studied using various tech- 
niques (see [2, 4, 5]). As it is well-known, the complex Grassmannian sits naturally in the unitary 
group U(A^) equipped with its standard bi-invariant metric, via its Cartan totally geodesic em- 
bedding. Using a Backlund transformation technique, Uhlenbeck [14] obtained a method to 
construct successive harmonic maps into U(A^) from an initial harmonic map. She proved that 
through this process, called "adding a uniton", one can obtain all harmonic maps from a Rie- 
mann surface with finite uniton number. Subsequent works have expanded this view. However 
obtaining explicit unitons involves solving 9-problems which is a difficult task [10, 15]. In [3] 
J. C. Wood and the authors gave an algebraic procedure to construct these unitons so that one 
can build all harmonic maps with finite uniton number from a Riemann surface into U(A^), from 
(^ ■ freely chosen meromorphic functions into C" and their derivatives. Although these harmonic 

'nI" . maps include those with values in the Grassmannian, no explicit way was given to decide when, 

from a specific meromorphic data, one could obtain a Grassmannian-valued harmonic map. The 
aim of this paper is to study, from this point of view, harmonic maps with finite uniton number 
O ' from a Riemann surface into a Grassmannian manifold. More specifically, we present algebraic 

O ■ conditions, to be satisfied by the initial data, ensuring that the obtained harmonic maps have 

values in a Grassmannian (Theorem 2.5). Furthermore, for a specific Grassmannian manifold 
G'p(C"), we show how to organize our initial data so that the harmonic map has its image in the 
/\f • given Grassmannian manifold (Theorem 2.17). 

j^ . Associated to a harmonic map (f) : A/P — )■ U(ra), there is a spectral deformation, called the 

extended solution; that is a family of maps $a : M^ — )■ U(n), depending smoothly on A G S^, 
such that = Q$-i (for some Q E U(n)) and the differential form A'^ = ^^^^d^x satisfies 
[14] 
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The extended solution is not, in general, unique. However, Uhlenbeck proved that, given a 
harmonic map, there exists a unique extended solution $a of type-one, i.e., such that the image 
of $0 is full. Furthermore, given a harmonic map : M^ -> Gp(C") with finite uniton number, 
there exists Q = np^^ — iip^ G U(n), such that (p = Q$_i, where $a denotes the type-one 
extended solution, and ttfq denotes the orthogonal projection onto a complex subspace Fq of 
C". Under these conditions, we present an estimate for the uniton number of such a harmonic 
map, depending on p and Q. This estimate is sharp. It is known that, for a harmonic map 
(p : AP —7- Gp{C''), the maximal uniton number is less or equal than 2 m.m{p, n — p} {[[, 7]). 
We show that this value is only attained when Q = ±J. Unlike the case of harmonic maps 
: S*^ — > U(?i), for Gp(C")-valued harmonic maps, the possible uniton numbers depend on Q. 
In [13], G. Segal gave a model for the loop group of U(n) as an (infinite-dimensional) Grassman- 
nian and showed that harmonic maps of finite uniton number correspond to holomorphic maps 
into a related finite-dimensional Grassmannian. We interpret our results in the framework of the 
Grassmannian model and relate them with those in [3]. 

The paper is organized as follows: in Section 1 we recall Uhlenbeck's factorization an explain 
the algebraic procedure, presented in [3], to construct explicit unitons. Section 2 is devoted 
to the study of Grassmannian-valued harmonic maps. In 2.1 we describe the main results for 
harmonic maps : 5^ — )■ G*(C") and present examples. Harmonic maps with values in a 
specific Grassmannian manifold are treated in 2.2. Subsection 2.3 is devoted to the interpretation 
of our construction in the Grassmannian model setting. All involved calculations and proofs are 
presented, separately, in Subsection 2.4. 

The authors are grateful to John C. Wood for very useful discussions on this work. 

1. Preliminaries: harmonic maps into U(?t,) 

Let M^ be a Riemann surface. For any smooth map (p : M^ — )■ U(ra), let A'^ denote one half the 
pull-back of the Maurer-Cartan form, 

(1.1) A^ = i0-M0. 

Choosing a local complex coordinate z on an open subset of A-P, we write A'^ = Afdz + A^dz, 
where Af and A'l denote the (1, 0)- and (0, l)-parts (with respect to A'P), respectively. Let C" 
denote the trivial complex bundle M^ x C" equipped with the standard Hermitian inner product: 
< u,v >= UiVi + ■ ■ ■ + UnVn (u = (mi, . . . , M„), V = {vi, . . . , f „) G C") on cach fibre. Af and 
Af are local sections of the endomorphism bundle End(C"), and each is minus the adjoint of the 
other. D'l' := d + A'^ is a unitary connection on the trivial bundle C"; in fact, it is the pull-back 
of the Levi-Civita connection U(n). 

We write Df = dz + Af and Df = dz + Af where dz = d/dz and dz = d/dz for a (local) 
complex coordinate z on M^. Give C" the Koszul-Malgrange complex structure [11]; this is 
the unique holomorphic structure such that a (local) section a of C" is holomorphic if and only 
if of a = for any complex coordinate z; we shall denote the resulting holomorphic bundle 
by (C*^, -Df). Note that, when is constant, A'^ = 0, and the Koszul-Malgrange holomorphic 
structure is the standard holomorphic structure on C". 
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Since Af represents the derivative dcpjdz, the map is harmonic if and only if the endomorphism 
Af is holomorphic, i.e., 

^f o d| = Dt o Ai . 

Let : M^ — )• U(n) be harmonic and let a be a smooth subbundle of C". We shall say that a is 
proper if it is neither the zero subbundle nor the full bundle C" and we consider that a is full if 
is not contained in any proper subspace of C". Finally, by a uniton ox flag factor for we mean 
a smooth subbundle a such that 

r (i) Dt{a) G r(a) for all a G r(a) , 
^ ' ' \ (ii) a{{(j) G r(a) for all a G r(a) ; 

here r(-) denotes the space of smooth sections of a bundle. These equations say that a is a 
holomorphic subbundle of (C", D^) which is closed under the endomorphism A'^. 
For a subbundle a of C", let tTq, and vr;^ denote orthogonal projection onto a and onto its orthog- 
onal complement «-*-, respectively. Then [14] 

Proposition 1.1. The map : M^ — )■ U(n) given by (p = (p{na — tt^) is harmonic if and only if 
a is a uniton. 

Note that a is a uniton for if and only if cr^ is a uniton for 0; further = — 0(7r^ — ttq) i.e., 
the flag transforms defined by a and cr^ are inverse up to sign. 

Given a harmonic map and a uniton a for 0, we can characterize the holomorphic structure Df 
as well as the operator Af for the new harmonic map = (pin^ — vr^) by the simple formulae 
[14] 

At = At + d.7r^, Dt = Dt-d,7rl 

Hence, we can also write down the uniton equations (1.2) for the harmonic map 0. In general, 
finding unitons for the harmonic map would require to solve a 9-problem. However, the 
following result ([s<]. Theorem 1.1.) gives an explicit construction of these unitons (for a different 
approach, see [6]). 

Theorem 1.2. For any r G {0, 1, ... ,n — 1}, let (-f^jj)o<i<r-i,i<i<n be an r x n array of 
C^-valued meromorphic functions on M^, and let 0o be an element of \J{n). For each i = 
0, 1, . . . , r — 1, set a^^-^ equal to the subbundle ofC^ spanned by the vectors 



(1.3) «JS,, = E ^sHI%, (j = 1, . . . , n, /c = 0, 1, . . . , 0. 



J 

s=k 

Then, the map : M^ — ;■ U(n) defined by 

(1.4) = 0o(7ri - TT^) ■ ■ ■ (tT, - TT^) 

is harmonic. 

Further, all harmonic maps of finite uniton number, and so all harmonic maps from S"^, are 

obtained this way. 
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In the above result, by a C"' -valued meromorphic function or meromorphic vector H on M^, it is 
simply meant an n-tuple of meromorphic functions; its fc'th derivative with respect to some local 
complex coordinate on M^ is denoted by H^^\ Also, ttj denotes tTq whereas ixf- stands for ti^j^. 
Moreover, for integers i and s with < s < z, C* denotes the s'th elementary function of the 
projections tt^^, . . . , vrf given by 



(1.5) Cl= Y. 



^i. ■■■^n- 



l<ii<-<is<i 

CI denotes the identity when s = and zero when s < or s > i Note that the C* satisfy a 
property like that for Pascal's triangle 

(1.6) c: = 7r,^c::}+cri (^>i,o<s<z). 

Moreover, the unitons a^ satisfy the covering condition 

(1.7) '^iQLi+i = ai (i = l,...,r- 1). 

We quickly review the main steps in the proof of the above theorem (for more details, we refer 
the reader to [ ]). To see that the map in (1.4) is harmonic, all one has to do is to check that 
the successive bundles a^^^ satisfy equations (1.2) for each of the harmonic maps 0j, where 

This follows from an explicit calculation showing that ([3], Proposition 2.4.): 
(i) oq+ij ^e holomorphic sections of (C*^, D^) and 

(ii) A^^ia^"}, ■) = [ ~"£ty , if A; < ^ + 1 , 

As for the converse, one needs to develop further the theory. Let A*^ be as in (1.1) and set 

A^ = 1(1 - X-^)Aidz + i(l - X)Atdz (A e S^). 

It is well-known that the harmonicity of implies the integrability of A^ and we can therefore 
find, at least locally, an S^-family of smooth maps $ = $a : M"^ — > U(n) with 

l^^^d^x = A^ (A e S'^) and $i(^) = / for all z e M^, 

where I is the identity matrix. We say that $ = $a : M'^ ~^ lJ{n) is an extended solution [14] 

(for (p) and it is clear that $ can be interpreted as a map into a loop group. 

Note that any two extended solutions for a harmonic map differ by a function ('constant loop') 

Q : 5*^ — 7- \]{n) with Q{1) = 1. Further, $_i is left-equivalent to cf), i.e., $_i = Qcp for some 

constant Q G lJ{n). 

Let Ql{n, C) denote the Lie algebra of n x n matrices; this is the complexification of u{n). The 

extended solution extends to a family of maps $a '■ M'^ -^ sK'^jC) with $a a holomorphic 

function of A G C \ {0}. Hence it can be expanded as a Laurent series, $ = Xli^-oo -^^^j' where 

each Tj = T^* is a smooth map from M^ to 0t(n, C). 

A harmonic map : M^ — )• U(n) is said to be of finite uniton number if it has a polynomial 

extended solution 

(1.8) $ = ro + ATi + --- + A'^T,. 
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The (minimal) uniton number of is the least degree of all its polynomial extended solutions. In 
general, given a harmonic map (with finite uniton number r) there is not a unique corresponding 
extended solution $ with degree r . Nevertheless, if one further imposes that the subbundle ImTn 
is full, uniqueness is achieved [ ]. Such extended solutions have a unique factorization 

(1.9) $ = (tti + Atti^) ■ ■ ■ (tt, + Att,^) 

where a^, ...,«,. are proper unitons satisfying the covering condition (1.7) and a^ is full; these 
will be called type-one extended solutions. One can then prove that each of these subbundles ttj 
is of the form stated in Theorem 1 .2. 

Example 1.3. [3] Let : M^ — )■ U(3) be a non-constant harmonic map of finite uniton number. 
Then, either 

(a) it has uniton number one and is given by a holomorphic map </> : M^ — )■ Gd-^{£?) where 
di = 1 or 2; or 

(b) it has uniton number two and is given by (1.3) with unitons a^, a^ of rank one and two 
respectively and a^ full. The data of Theorem 1.2 consists of maps -ffo,i and Hi^i. Then, since 
At{H,^,) = -iTiH^^l 

(1.10) a^ = span{ifo,i} and Og = span{i7o,i + vrj'"ifi^i, vr^i^Q /}. 

2. Harmonic maps into (?*(€") 

2.1. Explicit construction. 

For any p G {0, 1, ... , n}, let G'p(C") denote the complex Grassmannian of A;-dimensional sub- 
spaces of C" equipped with its standard structure as a Hermitian symmetric space. It is con- 
venient to denote the disjoint union Up^o^p(^") by G'*(C"). In the sequel, we always identify 
a map into G'p(C") with the pull-back of the corresponding tautological bundle. As it is well- 
known, G'p(C") sits totally geodesically in \]{n) via the Cartan embedding l{F) = np — Tip. 
The formulae in Theorem 1.2 gives all harmonic maps from S"^ into G*(C"), although it does 
not tell us how to choose the holomorphic data Hij in order to guarantee that the resulting map 
lies in G*(C"). On the other hand the situation is now somehow different, in the sense that 
left multiplication by a constant map Q does not, in general, preserve the image in (^^(C") [14]. 
Therefore the classification up to left multiplication is no longer suitable in this setting. 

Example 2.1. Let : M^ — )■ (^^.(C") be a non-constant harmonic map of uniton number one. 
Then, if is not holomorphic, it must be of the form 

0= (vrp^^ _vr;^J(7ri-7rf). 

It is easily seen that is G*(C")-valued if, and only if, iip^^ and ixi commute; equivalently, Fq 

decomposes a^^; i.e., 

«i = "i n Fo © «! n Fq. 

In that case, we can easily check that 

where 

(2.1) Zi = «i n Fo © a^ n F^. 
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Notice that if Fq is not trivial and a^ is full, then it must be that rank «! > 2. Moreover, in 
that case, 0i decomposes into 0i fl a^ and 0i fl aj- which are, respectively, holomorphic and 
anti-holomorphic subbundles of (C", dz). 

Example 2.2. A harmonic map : M^ — )• G^{C^) with uniton number 2 can be written as 

= (tt^,, — 71 p± ) (tti — TT j^ ) (7r2 — vr^ ) , where Fq is a complex subspace of C" and ai is full. From 
([14], Theorem 15.3) we know that 0i = {tifq — '^F^)i'^i ^ ^i") must be also Grassmannian- 
valued. As in Example 2.1, Fq splits a^ and 0i = Tipj — tt^x, where F_i is given by (2.1). 
Again, since has values in G^(C"), tt2 and vTi?^ commute which implies that F_^ splits 02 ^iid 

= vTi^^ - vTjk,, where 

(2.2) Z2 = ^2 n Zi © «^ n F^. 

When Fq is trivial (i.e. Fq = C" or Fq = {0}), it is easily seen, from the covering condition and 
the fact that tti and 112 commute, that a-^^ C a2- Hence, according to Theorem 1.2, 

a^ = span{ifo,i'---'^o,r} 

^2 = span{ifo,i' •••' ^o,r, T^iH^]}, •••, Ti'^^i;^^}, 

for some meromorphic data -ffo.i) •••; -^^o.r- 

Assume now that Fq is not trivial and choose meromorphic data {Lo,j}i<j<r in Fq and {Foj }i<j<; 

in Fq-*- to span a-^^. From Theorem 1.2 we know that 

a^ = span{Lo,j,Foj}(i<.j<r, i<j<i) 

0,2 = span{Lo,i + ir^Hi^i, Eqj + n^Hi^r+j, vtj^lJ,^], 7rj^Fj^]}i<i<r, i<j<z, 

where the {Hi^s]i<s<r+i are C"-valued meromorphic functions. 

It is easily seen that if the ifi^j 0- < i < f) lie in Fq-*- and the Hi^r+j (1 < j < lie in Fq then 

01 = (ttfo ~ 7rp,x)(7ri — TTj*-) commutes with 712. As we shall see, eventually rearranging indexes, 
Q!2 rnust be given this way. 

Notice that, in the decomposition of F2 given by (2.2), ^2 H Fi is a holomorphic subbundle of 
(C", Dp), since it is spanned by the sections {Lo,j + n^Hi^i} and {Eqj + ir^Hi^r+j} (1 < ^ < 
r, 1 < J < /), which are holomorphic sections of that bundle. As we shall see later on, a^ fl F^ 
is a anti-holomorphic subbundle of the same bundle. 

One of the main ingredients to develop the theory when dealing with harmonic maps into ^^(C") 
is the following result, already suggested by the previous examples. 

Proposition 2.3. Let : ]VP — )■ (^^.(C") be a harmonic map and a a uniton for 0. Then, 
the harmonic map cj) = 0(vrQ, — tt^) is G^,{C"') -valued if, and only if, splits a. In that case, 
= 0na©0-'-n a-*-, where fl a and 0-*- fl «-*- are, respectively, holomorphic and anti- 
holomorphic subbundles of (C", Df). 

In the case of harmonic maps : M^ — ;■ U(n), the holomorphic data Hij of Theorem 1.2 
could be freely chosen. We may inquire which conditions we must impose to the Hij to get 
<i>{M'^) C (^^.(C"). The preceding proposition indicates that the splitting idea must be present in 
the initial data in order to obtain Grassmannian- valued harmonic maps. 
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Definition 2.4. Let Fq be a constant subspace in C". An r x n F^-array is a family of meromor- 
phic C"-valued functions, (-K'i,j)o<i<r-i,i<j<n such that, for each j, either 

7rp±{K2k,j) = and 7rFo{K2k+i,j) = 0, for all < A; < ^ or 
^ ^ ^ T^F,{K2k,j) = and 'Kp^{K2k+i,j) = 0, for all < /c < ^. 



Theorem 2.5. Let Fq be a constant subspace in C", r G {0, 1, ..., n — 1} and (-f^i,j)o<j<r-i,i<j<n 
be an r X n F^-array of C^ -valued meromorphic functions on M^. For each j, consider the 
meromorphic functions 

Hqj = Kqj and 

''■'' «.,=t(-i)-(::;)A%...>i. 

s=l ^' ^ 

For each ^ < i < r — \, set a^^^ equal to the subbundle o/C" spanned by the vectors 

"S. = i2^sHi%,, (j = l,...,n, k = 0,...,^). 

s=k 

Then, the map : M^ — ;■ U{n) defined by 

= (vtfo - vri;J(7ri - Tr^)...{Trr - n^) 

is harmonic. 

Further, all harmonic maps from M^ to G^{C^) of finite uniton number, and so harmonic maps 

from S"^ to G^{C"'), are obtained this way. 

From now on we will represent the meromorphic data K, by L, when it takes values in Fq, or by 
E if it take values in F^. 

Example 2.6. For a general n, let Fq be a two dimensional subspace, r = 3 and j = 2. Let 

Li,i E Fq, Ei^i E Ff^ (0 < i < 2) and consider the Fo-array 

-^0,1 -^0,1 

-£^1,1 -^1,1 

-^2,1 -^2,1 

Then, using (2.4), one gets Ho,i = Fo,i, i^o,2 = ^o,i' ^i,i = ^i,i' ^1,2 = ^i,i' ^2,1 = 

— Fi^i + L2.1, and iJ2,2 = ~-^i,i + -E'2,i- 

We will assume that Lo,i, Lg j are linearly independent and that Fq^i, EqJ, EqJ are also linearly 

independent. 

Therefore, the map = {ttfo — vr^g)...(7r3 — tt^) is harmonic and G*(C")-valued, where 

a-^ = span{Lo,i,Fo,2} 

^2 = span{ Fo,i + 7rf Fi,i, Fo,i + 7rf Li,i, 7rf f[)^|, vrj^F,^^/} 
^3 = span{ Lo,i + ttj^Fi^i + tt^ttiFi^i, Fo,i + ttj'-L^i + vr^vriLi^i + 7r^7r^F2,i, 
(vr,^ + vr2^)Fg + vr^^vr.^Ff^), (vr,^ + n^)Ei,]l + vr^^vr.^Fi^), vr^^vr.^Fg)} 



MARIA JOAO FERREIRA AND BRUNO ASCENSO SIMOES 



We remark that 7r^7rj^L2,i and tt^ttj'-Lq { vanish, since Lqi and tTiHq { span Fq. It is easily seen 
from the decomposition ^i = «! fl Fq © a 5*- fl F^ that the rank of the bundle Fi is n — 2; in fact 
rank(a;^ fl Fq) = 1 and rank(a]'- fl F^j-) = n — 3. 
In the same way we conclude that rank(F2) = 2, since a^ fl F]*" = {0}. Then from the 



decomposition Fg 



a 



.3 n F2 © ag n F2 we obtain rank(F3 



n 



3 and is a harmonic map 



into G„_3(C") with uniton number 3. 

From now on, for a harmonic map : M^ — )• G* (C") , we will represent by F . the corresponding 



tautological bundle and for • 

(pi = (7ro-7r^)...(7ri-7r,^) 
We let h 



ITTO - TT, 



)(vri 



TT 



L\ 



iTTr 



TTZ 



we will write F^ 



Gfc(c") ^ a 



VTj 



= vr^;'. — TT^. implies that h{(j)) — np_ 
Proposition 2.7. If (pi = (ttq — 7r(|-)(7^l- 



(0 < i < r) and Fq is a constante subspace of C 
_A;(C") represent the isometry given by h(F) 
TTp-. Hence, 



= Fj, where 
Of course. 



-TTi 



IT. 



±^ 



)...{7ri-nf),thenho(j)i = (7rJ--7ro)(7ri-7rf )...( 



TTi- 



2.2. Harmonic maps into Gp(C"). 

Given a subspace Fq of C" the main ingredient in building harmonic maps of finite uniton number 

is the selection of meromorphic data with values in Fq and F^. Let k denote the dimension of 

the complex subspace Fq of C", r the uniton number and fixO<?<r — 1. 

For each family {-^j,j}i<j<n such that Laj = whenever < a < z we use the notation: 

/,* = rankspan{Q+*LSj]}i<j<„, where < t < r - z - 1. 

Analogously, for each family {Eij}i<j<n such that Eaj = whenever < a < i we use the 

notation s- = rankspan{Q+*F|*j}i<j<„, where 0<t<r — i — 1. 

In this way we get two triangular r x r matrices 



^0° 












L 'O 



-1 J 



and 5 












-1 



and 



-1 J 



;r-2 /O 

n ■ ■ ■ V- 

where, in each column i + I, the entries (/°, ■ ■ ■ /[~*~^) and (s°, ■ ■ ■ s[~*^^) are decreasing se- 
quences. 

Notice that the sum of all entries of both matrices up to the z'th line is exactly the rank of Oj+i. 
Of course, the sum of all entries of L has to be less or equal than k, the sum of all entries of S 
has to be less or equal than n — k and the sum of all entries of both matrices has to be less or 
equal than n — 1 . 

Under the above conditions we will say that the pair (L, S) is adapted to Fq. From now on, 
Fq will denote a subspace of C" with dimension k and (L, 5") will represent an adapted pair of 
matrices of order r. 



Example 2.8. Let n = 10, k 



5 and consider an Fq array of the form 

■ Lo,i Fo,i 
Fi,i Li^i Fi^2 -^1,2 
-^2,1 E21 L22 F22 L23 
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to build a uniton number 3 harmonic map ip : S"^ ^ G*(C^°), according to Theorem 2.5. We 
know that a^ = span {Lo,i, -^0,1}. and 



a 



(0) 



"2 



(1) 



span{Lo,i + C^-Ei,!, -Eo.i + C*i-^i,i7 C'1-^1,2, C'i-E'1,2}, 
span{CiLg,CiEg}, 



a 



(0) 



a 



(1) 



span{ Lo,i + CJEi^i + C|L2,i, ^0,1 + C^Li,! + C|E2,i, 

Cl-^1,2 + (^2-^2,2, C*j^-E'l,2 + C*2-^2,2, C*2-^2,3}; 



"3 



(2) 



spanj Cj^-^0,1 + ^2-^1,1' ^1-^0,1 + C'2-Z^i 1, 6*2 -El 2/' 
span{C|4^}}, 

where we have assumed that C|L^ 2 = C*2-^o.i = 0' i'ank(a]^) = 2, rank(a2) 
rank(a3) 



6 and 



9. 



As we have seen before, underlying the construction of a uniton three harmonic map there is a 
pair (L, S') of 3 x 3 diagonal matrices adapted to Fq, say 



I'. 










'2 



and S 












We remark that, for each j G {0, 1, 2} and i < j, rank(a*_,„]^) = J2k=o(^k + ■^fc), so that the rank 

of ttj+i is Ei=o Ei=oiii + 4)- 

Since C2L1 1 = C^Eq { = 0, in the particular case of this example we have 





1 
1 



and S 



1 








1 


1 








1 






In the sequel, given Fq and an adapted pair (L, S) of r x r matrices, we will use the following 

notation: Aq = Bq = and, for each i e {1, ..., r — 1}, Ai = X]r=o ^r + ^r ^^'^ Bi = Ai + /°. 

Definition 2.9. An r x n Fo-array (-f^ij)o<j<r-i,i<j<n is said to match the the ordered pair (L, S) 
if, for each i E {0, ..., r — 1}, the following conditions hold: 

(i) 7r^x(i^,J = 0, VAi + 1 < J < Ai + /o and np^iKi^,) = 0, V5, + 1 < j < 5^ + 5° = A,+i. 



(ii) For each < j < i, rank span <{ Q/sT)'^^^!^, ..., Qi^j'^^j^o j = /]."■' and 



rank span < CIK, 



(i-j) ^j K^^'^^l 



^.1-0 



(iii) rank span <;Qi^;;;^i,...,Qi^^,o}^^^^ = J^/}"^ and 



rankspan^Qi^g|„...,Qi^^^^^^o 









.*-j 
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IS 



Remark 2.10. (i) We easily conclude that the rank of the bundle Oj,,.]^ is J2l=o Yl]=oi^t + "5t)> 
the sum of all entries of the first i lines of both triangular matrices. 

(ii) The /* and s* are independent of the choice of the complex coordinate z; in fact, once ctj^i 
defined, letting 

. ,. ., . ,. ., fkerTrJ (o) flFi,, if j odd 

J f I J j,^j+J-' 3 jAj+iy I ker7rj|^(o) flFj+i, if j even, 



we have /° 



rank\^- and /*• ^ 



rankAf \..Az^^Vj {i > j). Analogously with respect to the s*. 
An induction argument allows the following result: 



Theorem 2.11. Let r G {1, ...,n — 1), Fq be a k-dimensional subspace of C^ and consider 
a pair (L, S) adapted to Fq. For any F^-array (-K^ij)o<i<r-i,i<i<n which matches (L, S) and 
i G {0, ..., r}, the rank of the tautological bundle F^ corresponding to the harmonic map 4>i = 



ITTO 



(2.5) 



VTn 



TT,; 



vrr 



is given by 



j=o t=o 

¥ 2, 



l/"^ *) ifi is even 



n — 






2j-t j2j-t 

5+ (-/ 



ifi is odd, 



Using Theorem 2.11 we can see that, when we start with a harmonic map : M^ — ?> Gp(C") 
and add a uniton a, the harmonic map 0(7?^ — vrQ,±) does not, in general, take values in the same 
Grassmannian. However, in certain cases, it is possible to add unitons in such a way that the 
successive harmonic maps stay in the same Grassmannian (see Example 2.12). 



Example 2.12. Let us consider d^C ) as target manifold and start with a 4-dimensional com- 
plex subspace Fq of C^. We select the ordered pair (L, S) adapted to Fq with 



S 



1 
1 
1 



and take a Fo-array which matches the pair (L, S). Then the harmonic maps 0i, 02 and 03 
all have values in Gi{C^), as it is easily seen from Theorem 2.11, since Iq = Sq for every 

J e {0,1,2}. 

Example 2.13. In this example, using Theorem 2.11, we will describe all harmonic maps : 
5*^ — )■ G2{C^) vvith uniton number 3. Let Fq be a k- dimensional complex subspace of C^ 
(0 < A; < 5) and (L, S) a pair adapted to Fq, 



I'o 





" 




\s'q 








11 


11 





,s = 


si 


s\ 





11 


l\ 


11 




si 


s\ 


si 
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The sum of all entries of both matrices has to be less or equal than 4 and the uniton number three 
condition implies that at least one element of the third lines of the matrices has to be different 
from zero. From Theorem 2.11 we know that 



(2.6) 



5 - [A: + (s° - + {si - ID + {si - ID + {si - /°)]. 



We have to analyze the different cases according to the dimension of Fq. (a) Considering k = 5, 
i.e, 5 = 0, we have 2 = /q + /q + ^1 + ^2- The only possibility is 



1 
1 
1 



since ai is full. This gives rise to the unitons 



a^ = span{Lo,i}, 

0,2 = span{Lo,i, vr^/^^} and 

ttg = span{Lo,i, vrj^/^^, tt^ttj^L^,^}}. 



(b) Now we analise the case fc = 4. Here we have 1 
It is not hard to check that the only possibility is 



{l'o~s'^,) + {ll-sl) + {ll-s\) + {f,-sl) 



1 
1 
1 



and S 



1 





Therefore we choose our meromorphic data Lqi, Li i and L2,i with values in Fq and Eq^i with 
values in F^^. This corresponds to 

ai = span{Lo,i,-Eo,i}, 

^2 = span{Lo,i, -Eo,i + vrf Li,i, 7rf l[,^J} and 

^3 = span{Lo,i + vr^vrf ^2,1, -Eo,i + CfLi^i, 7rf l[|^{, vr^Trf l[,^{}. 

(c) Consider A; = 0, which corresponds to L = and implies 3 = Sq + Sq + sj + s^. We remark 
that cases like 



S 



1 
1 
2 



or 5 



2 

1 



although satisfy our equation, have to be excluded, since do not fulfil the fullness of a^. Hence 
the only possibility is 



S 



1 
1 
1 1 
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and we choose our meromorphic data Eq^i, £'2,1 and i?2,2 with values in F^^ to get the harmonic 

map = (tto - 7r^)(7ri - 7rf )(7r2 - vr^)(vr3 - tt^), where 

«! = span{Eo,i}, 

^2 = spanji^o,!) '^iEq {} and 

03 = span{Eo,i + ■K^Tr^E2A, vrj^^J^^ vr^vrj^E^^ 7r^7rjL£'2,2}. 

The cases k = 1,2,3 must be excluded. Regarding k = 2,3, the fullness of a^^ would imply that 



Li 



in the first case and 



Li 



1 
1 


1 
1 
1 



and Si 



and 5*1 



1 
1 
1 

1 
1 




in the second case, which is not adequate for G2{C^) as the sum of these entries is 5. As for the 
case k = 1, the fullness of a^^ would require 



1 





and S 









which does not satisfy (2.6). Hence, the three cases (a), (b) and (c) are the only ones yielding 
uniton number three harmonic maps into 6*2 (C^). 

From Proposition 2.7 interchanging F(^ with Fq and S with L, we get the description of all uniton 
number three harmonic maps into G^i^C^). 

It is known that, for a harmonic map </> : M^ — )■ G'p(C"), the maximal uniton number is less or 
equal than 2min {p, n — p} [/, i]. We will see, later on, that this estimate is sharp only when 
n ^ 2p and Fq is trivial. 

In the next theorem, fixing a subspace Fq with dimension k, we present an estimate for the 
uniton number of a harmonic map (p = (ttq — 7rjj-)(7ri — TT^)...{7ii — t:^), when 2p < n. This 
estimate is sharp and covers all situations, for li n > p and : M^ -^ Gp{C"') is harmonic, 
ho (j) : M^ — > G.„_p(C") is a harmonic map with the same uniton number and 2{n — p) < n. 

Theorem 2.14. Let Fq be a k-dimensional complex subspace of'C' and (p = (ttq — 7rjf)(7ri — 

7rf )...(7rj.j, — n:^J be a harmonic map into (^^(C"), where r^ is the uniton number and 2p < n. 

Then, 

(i) fk < Hiin {2j9 — k — ak,n — l}ifk < p; 

(ii) Tk < p ifk > p and k + p < n; 

(Hi) f^k < 2p — {n — k) — ttk if k > p and k + p > n, 

_ ( 1 if k is even and k < p or n — k is even and k > p 
^ (^ ifk is odd and k < p or n — k is odd and k > p. 
Moreover, the above estimates are sharp, except in the case k = p, where r^ < p — 1. 
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A glance at the list of possibilities given by the previous proposition allows to verify that the 
maximal uniton number is realized when k = and 2p < n, or when k = n and 2p > n. 

Example 2.15. Assume </> = (ttq — 7r^)...(7rr — ti^) : S"^ — )■ G2(C'^), where k = 2. From 
Theorem 2.14 we know that, for k = 2 fixed, the maximal uniton number is 2. Let us describe 
those harmonic maps. Consider an adapted pair (L, S) of ordered 2x2 diagonal matrices adapted 
to Fq. From (2.5), we get 



-/ 



i-j^ 



2 - 2 + 2^j=ov"j "J 
Clearly the only possibility is 



or si + s? 



/I + /1 
to -t- ti- 



S 



Thus we see that we shall start with meromorphic data Lq and Eq with values in Fq and Ff^, 
respectively, to build the unitons 

ft]^ = spanjLo, Eq} and 

^2 = spanjLo, ^o, ^rf lJ^\ ttj^eJ^^}. 

Example 2.16. Let us now describe the construction of all harmonic maps (/> : 5^ — )■ G3{C^) 

(respectively (j) : S"^ ^ G^{C^)) of the type = (ttq — vr;})(7ri — vrj*-) 

and Tk is maximal. 

We know from Theorem 2.14 that r^ = 3. Hence, using Theorem 2.11, we get 1 

l\ + ll)-{sl + sl + s\ + sl). 

Let us try to describe the possible pairs (L, S) of diagonal 3x3 matrices adapted to Fq. As 

above, since ai is full, we must have /q 7^ ^^'^ -^o t^ f^^ every i G {1, 2, 3}. It is easily seen 

that the only possibility is 



(ttq - 7r^)(7ri - ■nf)...{Tir - v), where /c = 4 

{ll + ll + 



and S 









Therefore we must choose our meromorphic data, {Lq.i, Li i, L2,i, -^2,2} with values in Fq, and 
{Eqi, Ei^i, -E'2,1} with values in F^^. This gives rise to the unitons 

ai= span{Lo,i,^o,i}, 

a2 = span{Lo,i + ClEj, Eo,i + C^Li,!, C^Lg, C^Eg}, 

03 = span{Lo,i + C^El + C|L2,i, ^0,1 + ClLi^i + C|E2,i}, 

r-l r(l) I /^2 771(1) ^1771(1) I ^2 r(l) ^2/- ^2 r (2) r'2z?(2)l 

'-^2-^0,1 "T '-^2-'^l,l7 '-"l-'^O,! "T '-"2-^1,15 '-^2-^2,2; <-^2-'^0,l' '-"2-'^0,l J • 

Interchanging L and S" and choosing the same holomorphic data we get the description of all 
harmonic maps : S*^ — ;■ C5(C^) with uniton number 3. 

We may synthesize the above results in the following statement concerning harmonic maps (p : 



b — y (jr r. 



into a fixed Grassmannian. 



Theorem 2.17. Letq = nim{p,n—p}, k G {0, ...,n} and r^ be under the conditions of Theorem 
2.14. Taking a pair (L, S)ofixi matrices (1 < i < r^) adapted to Fq, whose entries satisfy 
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equations (2.5), and an array (Kij) matching {L, S), the map 

(tto - 7r^)(7ri - 7rf )...(7ri - vr,^), ifq = p 
i^o - ^o)(7ri - vrf)...(7ri - n^), if q = n - p 

is a harmonic map into Gp(C"). Moreover, all harmonic maps : S*^ — )■ Gp(C") are obtained 
this way. 

2.3. A note on the Grassmannian model. 

Let 1-L denote the Hilbert space L'^{S^, C"^) and let ?{+ denote the linear closure of elements of 
the form ^fc>o ^'^^i where {ej}i<j<„ form the standard basis of C". The algebraic loop group 
r2'^'sU(n) consists of maps 7 : S*^ — t- \]{n) with 7(1) = / and such that 7(A) = Yl!k=id -^^^i' f°^ 
some integer r and Aj E Qi{n, C). It acts naturally on "H and the correspondence 7 — )■ 7(-ff+) 
identifies r2^^sU(n) with the algebraic Grassmannian consisting of all subspaces W ofH such 
that \W C W and A'"H+ C VT C Ti^ for some r [12, 13]. In particular, we may identify W 
with the coset W + X^H+ in the finite-dimensional vector space 1-L^/X~1-L^; this vector space is 
canonically identified with C^" via the isomorphism 

(2.7) (i?o, Ru -, Rr-i) ^ i?o + Ai?i + ... + A'-ii?,_i + A'-H+. 

Now, let : M^ — ;■ U(n) be a harmonic map of uniton number at most r and $ be its unique type 
one (polynomial) extended solution. We may naturally interpret $ as a smooth map $ : Af ^ — )■ 
r2^'^U(ra). With the above identifications, we then have a holomorphic map W = $('H+) from 
M^ into the into G'*(C'""). Equivalently [o], a holomorphic subbundle W£ of the trivial bundle 
M2 X C™ satisfying 

(2.8) AW:(i) C W, 

where W-m (i > 0) denotes the subbundle spanned by (local) sections of W_ and their first i 
derivatives with respect to any complex coordinate z on M^. We call W_ the Grassmannian 
model of (or $). 

All such subbundles W_ are given by taking an arbitrary holomorphic subbundle X of C^" and 
setting W_ equal to the coset [9] 

(2.9) W = X + AX(i) + A2X(2) + ■ ■ ■ + A'^-^X(,,_i) . 
For any i >0 and meromorphic vectors {Hq, Hi, ..., Hi), set 

(2.10) ^^ = EC)^'- 

The isomorphism (2.7) allows us to describe the Grassmannian model of a finite uniton number 
harmonic map (p : M^ — )■ U(n) in the following way [J]: 

Theorem 2.18. Let r > 1, an J /e? B_ and X_ be holomorphic subbundles of C" related by the 
linear isomorphism 

B_3 H ^ [Hq, Hi . . . , H^_i) — ?■ /2 = \Rq, Ri, . . . , Rr~i) G -X^ 
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given by (2. \0). Write 

i i 

dSi = {Y^^lHfX. H G TUB)} anda,^, = ^a^- 

s=k fc=0 

Let (j) : M^ — )■ \]{n) be the harmonic map given by (1.4) and W : M^ — )■ G'*(C''") be the 
holomorphic map given by (2.9). Then W is the Grassmannian model of (p. 

Let Fq denote a constant subspace in C^. We say that a polynomial R G 'H+/y"H+ is F^-adapted 

if its coefficients have image alternately in Fq and Fg-*-, i.e., L(A) = X]I=o -^i-^* ^^'^ eiY/zer 

(i) i?j has image in Fq for z even, and in F^ for i odd, or 

(ii) _Rj has image in F^ for i even, and in Fq for i odd. 

Note that when Fq is trivial, a polynomial is Fo-adapted if and only if it is even or odd, i.e, has 

coefficients of all odd or all even powers of A equal to zero. Using the Grassmannian model, we 

have the following characterization of maps into G*(C") [3]: 

Proposition 2.19. $ is the extended solution of a harmonic map into a Grassmannian if and only 
ifW has a spanning set consisting of F^-adapted polynomials, or, equivalently, W is given by 
(2.9) for some X which has a spanning set consisting of F^-adapted polynomials. 

Now, let be a Grassmannian-valued harmonic map given as in Theorem 2.5 for some Fg-array 
(i^jj)o<i<T--i,i<j<n- Using (2.4) and (2.10) one can easily check that 

s=0 

Hence, the Grassmannian model for (p is given by 

W = X + AX(i) + A'X(2) + ■ ■ ■ + A'^-^X(,_i), 

where X. = (-^oj, Kqj + Kij, ..., Kqj + ... + Kr^ij). Since 

Ko,j + AA'i,, + ... + X'-'Kr-i,, = Ko,, + A(Ko,, + K,,j) + - + A'-^i^o,, + - + i^r-i,,) 

-X{Ko,, + X{Ko,j + Ki,,) + ... + A'-i(A^o,, + - + i^r-ij), 

we can also write W_ = ^+ X^{i) + -^^^(2) + ■ ■ ■ + ^''~^K{r—i)' where X = [Kqj, ..., Kr-ij): 
it is clear that X is spanned by Fo-adapted polynomials. 

Hence, we now can easily construct explicitly our harmonic map from its Grassmannian model 
W: given a set Rij of Fg-adapted polynomials that generate W_, we set Kij = Rij and construct 
the map as in Theorem 2.5. 

2.4. Proof of the main results. 

Let (f) : M^ — )■ ^^(C") be a harmonic map and a a uniton for (p. From [14], we know that 
= (pi^TTa — TT^) lics iu G*(C") if and only if tTq and commute. This means that F^ splits the 
eigenspaces of tt^ so that a = anFj,©an Fi. As a consequence. 



'^anF^®a^nF^ ^Q^nF^©«nF^ 



Recall from [ ' 4] the following facts. 
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Proposition 2.20. Let cj) : M^ — )■ G*(C") be a harmonic map of finite uniton number r. Then, 
there are unique proper unitons «! , . • . , a^ satisfying the covering condition (1.7) and with ai full 
and a constant map Q = (vri?^ — vr^^) such that 

(2.11) 0= {ttfo -7r4)(^i -7ri^)---(7rr -vr;^)- 

Moreover, each partial map (pr' = (ttf,, — ^Fo)(^i ~ 'n'^)...{'jTr' — n:^) maps into G*(C") and 
commutes with TTr'+i. 

In the sequel, we shall always consider a harmonic map (p : M^ — )■ ^^(C") factorized as in 
Proposition 2.20. Let (p be as in (2.1 1). We define recursively 

(2 12) F2 = F,na^®Fi:nat, 

Fr = F_^-i n a,. © F;!ii ^ ^;^- 

It is easy to check that lies in ^^(C") if and only if Fj decomposes a^j^^ for all 1 < i < r — 1. 
Moreover, in that case, each of the partial maps 

also lies in (?*(€") and (pr' = t^f^, ~ '^f ,■ 
Corollary 2.21. Af interchanges F_^ and F_^. 

Proof. Recall that 2A^ = <p~^dz<p = {ttf — t^f )~^dz{TrF — vr^ ). In particular, if / is a section 
of F^, we have that 

2Atf = {np^ - 71^ )dz{7rF^ - vr^ )/ = (vtf, - vr^ ){dj - np^dj + n^ dj) 

If / is a section of F;|", the argument is similar. D 

Let 5] denote the sum of all ordered z-fold products of the form IIj ■ ■ ■ Hi, where exactly j of the 
IT; are vr/- and the other i — j are tt^. For i = 0, set 5* = /, for z < or j > z > 0, set Sj = 0. 
Then, [J] 

Sj = vTjS']" + vr. 5*]!;^ 



and the Sj are related with the Cj by the formulae 

s=k ^ ^ 

where (*) denotes the binomial coefficient i!/s!(i — s)\. 
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Lemma 2.22. Let F^, 1 < i < r be defined as in (2.12). Then, if F_^ decomposes Oj+i/or all 
l<i<r -I, 



(2.13) I 



ttfoA e F^ ifj even 

t^FqA £ E.i' ifj odd 

''-^fA e Fj- ifj even 



S]7rf^AeF, ifj odd 



for any A. 



Proof. For the case r = 1, assume that Fq splits a^. Let us show that (2.13) holds. As a matter 
of fact: 

S^TiFoA = TTiTiFoA e El (J even) 
SIttfoA = n^TiF.A e F-^ (j odd) 
S^n^^A = TTiTT^A e Fi (j even) 
Slnj^^A = 7t14^A G F, (j odd) 

Let us now establish the induction: assume the result holds up to r and that F_^ splits a^+i. Then, 

(2.14) Sj~^ TTFa^ = T^r+lSjITFoA + TTj.^-^^Sj_i'KFoA. 

If j is odd, SjTTfoA e F_r- Since j — 1 is even, Sj^^ttfo^ ^ Kr- Hence, (2.14) becomes 
TYr+iTTp^SjiTFoA + 7r^^7r^,.5'J_]^7ri7(,y4 G £r+i- The remaining cases have similar proofs. 

D 

We know that a harmonic map is obtained as the product of unitons a- with a^ given as in 
Theorem 1.2. To obtain maps into ^^(C"), we must impose the following algebraic conditions 
on the meromorphic data Hij: 

Proposition 2.23. Let {Hi j)Q^i<r-i,i<j<nbe chosen in such a way that for all j, either ttfo{.Hqj) = 
and 



(2.15) 



> I liJs ,) = 0, 2 odd. 



s=\ 



or ttp^{Hqj) = and (2.15) holds, now with ttfq replaced with iip^. 

Then = {ttfo — 7r^,j)(7ri — tti). ..{iir — vr;f), with a^ given as in (1.3), lies in G^=(C"). 

Moreover, for each 0<2<r — 1, 0j = vr^;'. — vr^ with: 

(i) F_i^Hi+i ^ E.i+1 spanned by (li+ij' where j and k are such that k is even and iTp^ {Hqj) = 
or k is odd and tifq (.Hqj) = 0; 

(ii) E.i^^^i+1 ^ E.i~+i spanned by «i+i j, where j and k are such that k is odd and Hp^ {Ho,j) = 
or k is even and TTFai^oj) = 0- 

Proof For r = 1, it is trivial. For the case r = 2, our initial data satisfies, for each j, tifq {Hqj) = 
and 7Tp^{Hij) = or 7rp^{Hoj) = and tifq^Hij) = 0. Moreover, ^2 is spanned by Og,] ^^d 
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^^^(agj)- Now, a2j is either of the form Hqj + tTiHij with Hqj in Fq and Hij in F^^ or 
Hqj + IT j- Hi J with Hqj in F^ and iiTi j in Fq. In the first case, 0:2] is a section of F^ (and of ^2 
so that it is a section of £2) whereas in the second case we have a section of F;^ (and hence of 
£^1" n ^2 ^ £2")- Since Ap interchanges F^ with F]*", we conclude that F^ fl ^2 is spanned by 
Q;2J, for j such that TTp^{Hoj) = 0, and by a2j = —Ap{a2j), for j such that npoiHoj) = 0. 
Let us show the induction step: assume the resuk holds up to r. Without loss of generality, 
assume that j is such that Hp^H^j = 0. Then, a| ■ lies in F,, and 

r-l 



4l,,=c^+<{Y.crH,^i.) 



t=0 

'»''"-(X:sr'(.P.,+>r4)t (%..,,) 

1 t+1 / J \ r-l t+1 



a; j + vr. 



(0) 

a ■ 



+.^iY: sr'TP„ E ( ^ >., + E sr v^„ E ( ' )h.„) 

t = s=l ^ ^ t = s=l ^ ^ 

t odd t even 

t = s=l ^ ^ t = s=l ^ ^ 

t odd t even 

Using Lemma 2.22, the first two terms lie in F^. whereas the last vanishes from our hypothesis. 
Hence a^^l^^ E F,. n a^+i C F^.^^. Since ai%j = ~Af-{ai%]j) and Af interchanges F, and 
F;l" the conclusion now easily follows. D 

Proof of Theorem 2.5. Let Fq be a constant subspace of C" and (-f^jj)o<i<r-i,i<j<n denote a 
Fo-array. Let Hij be defined as in (2.4). It is easily seen that these equations are equivalent to 

ifo,i = Ko^j and 



From Proposition 2.23, we conclude that if (j) is given as in Theorem 2.5, is harmonic and has 
values in ^^(C"). It remains to prove the converse, that all harmonic maps into G^,(C") with 
finite uniton number can be given this way. 

If (j) has uniton number 1,0= {ttfo — ^F(,)(^i ~ t^i)- Hence, (p lies in G'4,(C") if and only if Fq 
splits ttp But a^ is spanned by some collection of Hij. Hence, it must be that we can choose 
the spanning set taking values either in Fq or in Fq-*-. In that case, </> = tvf^ — Tip .If (j) has uniton 
number 2, then (p = {np-^ — 7r^J(7r2 — vr^). Hence, (p takes values in G'*(C") if and only if F^ 
splits a2- But ^2 is spanned by vectors of the form Hqj + tx^Hi^j (and Ap{Hoj + -k^Hij)). 
Since F^ splits ^2' ^^ must have ixfA^2) and 7r^^(a2) lying in a^. Now, if Hqj lies in Fq 
(iTp^Hoj = 0), then it lies in FoDa^ ^ F_i- Hence, 



'"'Fii.Hoj + Til Hl,j) = ^Fi(-^0,j + TTi T^FqHij + Tl^ Tlp^Hij) = TT^ TTp^^H 



Ij 
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lies in ag- Write Hi = Trp^j{Hij). Then, ag is spanned by ix^Hij and ifoj + ^^iHij, where 

Hi J = Hij — Hij lies in F^j-. 

In general, assume that TVp^Hoj = and r is odd (the remaining cases are similar). Write 



(0) (0) 



"r-,, 



t=0 s=0 



By the induction hypothesis, a; • lies in F^. By Lemma 2.22, if t is even. 



[SI ^-^FoYl (sj^^+l'J' 



s=0 

lies in Fj" and 



TT" 



(sr'-i^„i: (!)«.«. 



lies in F^.. For t odd, changing the roles of Fq and Fq-*- we get the same conclusion. 
Since F,. splits a^.^!, we must have 7r^^(a^+ij) and 7rj7'^(a^_/ij) in aj.+i- But 

r— 1 f / , \ r— 1 



t = s=0 ^ ^ t = s=0 ^ ^ 



^iv(«r+ij) = VI 2^ -^t ^TTi^o 2^ I iii.+i,j 1 + VI 2^ '^t 'V„ 2^ I ^ )^s+ij 



t even t odd 

lies in a^+i- By the induction hypothesis, 

r— 1 i / , \ r— 1 



Zl ""^o 5Z ( J ^^+i'j' = s;_Ittf, J2[ s )^' 

t = s=0 ^ ^ s=0 ^ ^ 

t even 



and 



r— 1 s / , \ r— 2 



E --^o E (!) ^•«. = E --^o E (!) ^.«.- = 0- 



t odd t odd 



Hence 



7r:^S^_lTrFo^i ^ j i:r^+i J = C;7rFo E f ^ jiiT, 



s=0 ^ ^ s=0 

lies in a^_,_^. 

Take Hj the holomorphic vector field given by 

■r-l 

( ^ — ^\ J 

ls+l,j- 



H, = nF,J2{\^)Hs 
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Then we can write 



„^ ^^(0) N _ ^(0) _ I / (0) ^ 



a.^1 o — vr; 



-L / r<'r-l 



Co Hi J + CI H2J + ... + C;_i {Hr,j - Hr,j 



Writing Hj-j = Hrj — Hrj, we have 

span{a|.+ij} = span{Cl.Hrj, C^Hqj + ... + C^_iiJr-i,j + ClHr,j}- 
We shall check that this new holomorphic data satisfies our conditions. As a matter of fact, 
^ib(^o,j) = Oand 

t^fA ? .{ A Hs,j + Hrj ) =ttfo ^ 

D 



s=l ^ ^ s=l ^ ^ 

Also, vrp'o(O) = and ■Kp^{Hrj) = 0, concluding our proof. 



Proof of Proposition 2.3. We must show that (p D a and fl «-*- are, respectively, holomorphic 
and anti-holomorphic subbundles of (C", -Df). From Proposition 2.23 we know D| -holomorphic 
basis for n a and for (pD cr^. Hence, 

Dl{(j) n a) C n a and ^1(0 n a^) C n a^. 

Since Dfa^ C a^, the result follows from the identity 

< /^^(^^ n a^), n a^ >=< 0^ n a^, D|(0 n a^) >= 0. 

n 

In order to prove Theorem 2. 1 1, we start with the following Lemma. 

Lemma 2.24. Letr G {l,...,ri — 1), Fobeak-dimensionalsubspaceofCandconsiderapair 
(L, S) adapted to Fq. For any F^-array (-f^jj)o<j<r-i,i<j<n which matches (L, S), 



(ii) rank(aj , 1 H FJ = < 



(i) rank(aj_^^) = rank(aj + ^(/j * + si *); 

t=o 

i 

rank(aj fl Ei-i) + E ^*~*' '^^ ^^^" 
t=o 

i 

rank(aj fl F-_i) + Y^ sj"*, z/z oJ^?; 
t=o 

i 

rank (a j n Z^^i) + ^ s^"*, z/i even 
t=o 

i 



'i) 



(Hi) rank(aj_,_;^ fl F 

for each i e {1, ...,r — 1}. 



t=o 
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.i^) 



Proof. Let i G {1, ..., r — 1}. We know that aj_,_i is spanned by {<ll^ij}o<k<i,i<j<n- Since our 
array matches the pair (L, S), we split a^_^_^, considering aj_,_]^ = P ® Q, where 



P = span <{ a,l^\ ,,.^ j o < fc < i ~ i and Q = span | CIH^X-^ (o<k<i 



1 < ifc < ^« 



^i-fc + 1 < ifc < Ai. 



fc+i 



The matching condition tells us that Kij = whenever / < i and Ai < j < Ai^i. Then, for 



(fe) 



,{fc) 



every < fc < i and Aj„fe + 1 < jfc < Ai^^+i, we have ClHlJ^-^ = Qi^;J^^.^; hence, from 

Definition 2.9, Tank{Q) = J2]=o ^j"'' ^^ ^ even, and rank((5) = J2]=o ■^j ''' i^ ^ °^^- 

The matching condition ensures also that, whenever < A; < i — 1 and 1 < j < Ai^k, a- ■ = 



TZiCrHn, ^ 0. Writing, as before, a^, = c^ + ^t (EJlo ^r^ EUo QHt^i.)^ 
we conclude that rank(P) = rank(ai j), proving (i). On the other hand, since Fj = 0^0 
E.i-1 ffi (li n E.i-1^ we also obtain rank(P fl FJ = rank(aj fl Fj_i), thus rank(aj^^ fl FJ = 
rank(a,jnFj_]^) +rank((5) getting (ii). The proof of (iii) is analogous, just interchanging F with 
F^ and / with s. D 



From the previous Lemma, using an induction argument, we easily get the following identities: 



Corollary 2.25. Under the above conditions the following equalities hold: 



(i) rank(ai_^i fl F^ 



2j 



V 2j+l 



EE'?-'+EE 



2j+l-t 



, ifi even 



(ii) rank(aj , 1 fl F- 



j=o t=o 

^ 2, 



j=0 t=0 
^ 2i+l 



EE^^*+EE 



.2j+l-i 



, i/i odd; 



t 2i 



j=0 t=0 

i-2 



2i+l 



EE^^'+EE '?""'/' 



even 






j=0 t=0 
¥ 2i+l 



EE-^' + EE^*''^"'^:^^-^^- 



Proof of Theorem 2.11. 

From our data, we have, of course, rank(a^ fl Fq) = /{j and rank(a^ fl Fq) = Sg. Hence, since 

Zi = "i n Fo © a^^ n F^, rank(Fi) = l^ + n-k- rank(ai fl F^) = n - [k + s^ - Q. 
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Analogously, from the equality F2 = H2 ^ E.i ® (^2 ^ E.i^ we get, using Lemma 2.24 and 
Corollary 2.25 

rank(F2) = ^S + sj + s? + rank(F^) - rank(a2 n F^) 

j=0 

Assume now that the proposition holds for F_-, where i is even (the proof for i odd is analogous). 
The equality Fj_,_]^ = a^_^_-^ H F^ © a^^^^ fl Fj- implies that 

rank(Fj_,_]^) = rank(aj_,_^ fl FJ + iank{aj-_^_-^ fl F^) 

= rank(aj_,_^ fl FJ + rank(F^) — rank(aj_^]^ fl F^). 



Now, using Lemma 2.24, we get 

i 

rank(F,_,i) = rank(a, n F^.J + ^ /j"* + n- rank(Fj - rank(a, n FJ-_i) -J^^'t 



-t 

t ■ 



t=o t=o 



From Corollary 2.25 and the knowledge of rank(Fj), we conclude that 



|-l2i+l V 2i 



2 



rank(F,,,) = n-k-J2 Y^is^'-' " /?^-"^"*) + E E(^?^" " ^ 



2i-tN 



¥ 2,+l 



f-1 2j 



n 



n — 



as wanted. D 

Proof of Theorem 2.14. 

Given a matrix D, we will let Z^j denote its i'th column. We consider /c e {1, ..., n} fixed and let 

Tfc denote the maximal uniton number for harmonic maps cp = {tvq — 7rf|-)(7ri — 7rj'-)...(7rj — tt:^) : 

S*^ — !■ (^^.(C"), where Fq is a complex subspace of C" with dimension k. 

We will first show that it is not possible to have simultaneously r^ > k and r^ > n — k. Indeed, 

these two conditions would imply the existence of a pair (L, S) of r^ x r^ matrices, adapted to 
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Fq, matching a given array; from the fullness of a^ we would get 



Li 



1 






n — k 



and 5*1 



1 






which cannot happen since the sum of the entries of both matrices must be strictly less than n. 
We have to analyze, separately, the different situations k < p and k > p. The techniques are 
similar, so that we only present the first case. 

Consider that k < p and let (L, S) be a pair of r^ x r^ matrices, adapted to Fq and matching an 
Fo-array. It is easily seen that k < 2p — k < n — k. Consider k < r^ < n — k. Assume that rk 
is even. From Theorem 2.1 1, we can write 



^-l2i+l 



P 



j=0 t=0 



The fullness of a^ implies 



so that 



Li 



1 




Lj = 0, if 2 > 1 and 5*1 



2 ^ 



\^ (S^i+l _ /2i+lN ^ fk- k + ttk 



j=0 

Hence, p - k = '''=~^+°'= + 9, where < 9 < n - r^ 
implies r^ < 2p — k — Uk- 
If Tk is odd we will get instead 



1. Therefore p-k > !i^^, which 



n 



j=0 t=0 



Tk-k + l-ak 



2i 



EE( 



.2i 



n^X'^-^^^-'^'+n-k-rk. 



j=0 t=i 
Hence rk < 2p — k — ak + I, or Vk < 2p — k — ak. 
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These estimates are sharp as we may easily see. For instance, in the case r^ odd, we can consider 
the pair {L,S) of order 2p — k — at with 



Li 



1 

1 






5i = if z > 1 and Si 



Taking meromorphic functions Lo,i and Eq^i with such that 



(1) 



-(k) 



(1) 



T(n— fe)^ 



span{Lo,i, 4j, ..., 4 /} = Fq and span{Fo,i, ^o,i' •••' K'l ) = Fq 



we get an array matching (L, S). 

Then Y~t Etoi^?"' " l?^') = '^"'"°''"'+"'- 



2 — p — k, concluding the proof. 
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